INTRODUCTION
Research by Siegler, R. S., Thompson, C. A., & Schneider, M (2011) shows that "early knowledge in [fraction and long division] were absolutely crucial to later learning of more advanced mathematics, but did not have any evidence until now." Additionally, "understanding fractions is central to subsequent mathematics learning, [and] early knowledge of fractions is highly predictive of much later mathematics achievement" (Bailey, D. H., et.al, 2014) . Given that having a basic understanding of fractions is a crucial building block of learning mathematics, it seems prudent to revisit the fraction curriculum and to make some recommendations for improvement.
Researchers and practitioners know that mathematics is not just adding and subtracting. Fractions are used by individuals daily in typical life processes. Lesh, Post, & Behr (1988) "believe proportional reasoning is both the capstone of elementary arithmetic and the cornerstone of all that is to follow. It therefore occupies a pivotal position in school mathematics (and science) programs."
The manner in which fractions are worded in everyday English sentences can be complex and sometimes confusing to students. In fact, the English language itself has so many comparisons and relationships, and the challenge is: Do our students keep up with the dialogue of mathematics? There are very few research articles on teaching fractions in the field of deaf education. Because of the lack of research done to date on the topic, the authors are determined to investigate deaf students' knowledge and learning of fractions. Both of the authors are mathematics professors at the college level and continue to see a lack of skill in the area of fractions. According to Bone, et al. (1984) the Model Secondary School for the Deaf and the National Technical Institute for the Deaf have noted specific deficiencies in understanding by post-secondary deaf and hard of hearing students -including knowledge of rational number topics such as fractions.
The authors have been investigating the important role of fractions in the mathematics curriculum for the past decade. The authors' interest in this topic stems from their own experiences teaching in the classroom and from on-going community dialogues among other math teachers for the deaf. These dialogues represented a series of discussions that led to requests for more information regarding fraction learning. The authors met to discuss their experiences teaching mathematics and to share the frustrations of college students trying to learn various mathematical topics. Among the common reactions deaf students had when learning fractions were: "I hate fractions", "I don't understand fractions", "Do we need to use fractions?" and "Can we avoid fractions?"
According to the National Council of Teachers of Mathematics, instruction of fractions begins early in a child's schooling. In first grade, students are expected to become familiar with basic fraction knowledge and understand the part and whole concept for fractions as well as basic operations (NCTM, 1989) . The Council suggests, during that process, students have a dialogue about fractions in general as well as their application in real-life. Students should investigate possible applications of basic fractions in various settings (NCTM, 1989) . Later in school, especially from fourth to sixth grade, students learn how to do operations with fractions. More proportional reasoning and problem-solving situations are introduced as students form the foundations for later topics in mathematics. Fractions are then expected to be used and be taught in higher mathematics from elementary to high school (NCTM, 1989) .
To increase rigor and standardize mathematical learning, the National Council of Teachers of Mathematics (NCTM) proposed standards for mathematical literacy including conceptual understanding of mathematics, problem solving, communicating mathematics, and reasoning at all levels of the curriculum (NCTM, 1989) . After several attempts in standardizing mathematics education during the past two decades, states across the country are now adopting new standards, the Common Core State Standards (CCSS). The CCSS were developed and published in 2010 by the National Governors Association Center for Best Practices (NGACBP) to increase rigor and relevance of mathematics and English language arts for students. Instruction of fractions, according to the CCSS for mathematics, begins early in school. Starting in third grade, students are expected to develop an understanding of fractions as numbers, beginning with unit fractions (NGACBP, 2010) . Unit fractions are basic units of measurement in fractions of which fractions in general are built out. Common unit fractions for third graders are 1/2, 1/3, and 1/5 (NGACBP, 2010). Students are expected to understand that "the size of a fractional part is relative to the size of the whole" and to compare fractions to represent numbers equal to, less than, and greater than one (NGACBP, 2010) . As the CCSS suggest, during that process, students have a dialogue about fractions and their application in real-life and investigate possible applications of basic fractions in various settings. Later in school, especially in fourth grade, students learn fraction equivalence, are able to put fractions in order in terms of size, and do operations (addition, subtraction, multiplication and division) with fractions (NGACBP, 2010) . For the state of New York Common Core, the total number of days spent on fractions from third to fifth grade is 215 days. For third grade, instructors focus where on the number line fractions go for 35 days (New York State Department of Education, 2010) . Whether this amount of time devoted to fractions, especially for students who may struggle with the language in the writing of the mathematical problems, is sufficient enough would be appropriate for curriculum committees to consider.
The understanding and applications of fractions are basic mathematical skills required by everyone (Markey, et al., 2003) . As experienced mathematics educators, we want to understand why students in general are having trouble learning fractions. Below is an excerpt from Runde (2015) , a collector of math jokes. So what is it that makes fractions so difficult to learn? For one, many teachers find fractions as a topic that is difficult to teach (Clarke, Roche, Mitchell, and Sukenik, 2006, Ma, 1999) . There is a general consensus among mathematical educational researchers that the difficulties of teaching and learning are tied to the fact that fractions include a multifaceted construct (Brousseau, Brousseau & Warfield, 2004 , Lamon, 2001 ). Behr, Lesh, Post, and Silver (1993) categorized interpretations of fractions into five sub-constructs: Part-whole, quotient, ratio, operator (division), and measure. This study is primarily focused on two areas: 1) fractional magnitude (relative size of the fraction) and 2) adding and/or subtracting fractions. Not understanding the size of the fraction can lead to it being more difficult for the student to grasp the concept of fractions in general, which includes the ability to add/subtract fractions.
The number of interpretations may make it difficult to fully understand (Kilpatrick, Swafford, & Findell, 2001) ; but students' difficulty in learning fractions has many sources, with erroneous assumptions that properties of whole numbers are properties of all numbers and relations among arithmetic procedures being two of the most significant ones (Siegler, R. S., Thompson, C. A., & Schneider, M, 2011) . In another research project, whole number knowledge and fraction knowledge were found to be interconnected; if a person has a good knowledge of whole numbers, chances are that this person will also have a good knowledge of fractions (Siegler, Fazio, Bailey, & Zhou, 2013) .
Research shows a deficiency in mathematical knowledge when deaf and hard of hearing children enter school. There is a lag in deaf students' achievement in mathematics: basic mathematical concepts (Kritzer, 2009) , number sequence (Leybart & VanCustem, 2002) , relationship representation (BlattoValle, Kelly & Gaustad, 2007) , mathematics computations (Traxler, 2000) , and problem solving (Qi & Mitchell, 2007) . Two significant factors that have created this delay are: lack of early exposure to basic mathematical concepts (Kritzer, 2009) , and lack of teacher training in specialized content area, especially in mathematics (Pagliaro, 1998 and Pagliaro, 2007) . Marschark and Everhart (1999) found that students have difficulty in tasks involving logical thinking, and Allen (1995) found that students have difficulty in tasks involving reasoning. Zarfaty, Nunes, and Bryant (2004) found that deaf children's mathematics ability for representing numbers was at least as good as their hearing peers. Multiple suggestions are offered to make a change in the teaching of fractions. Silva (1986) noted the difficulty of teaching fractions to deaf students, which led to her to try a new approach. Silva tried to substitute some of the complexity by using gzorkes, fattening, reducing, making trades, etc. to help reduce the confusion of fraction operations. Silva's strategy involves having a deep, thought provoking discussion about what fractions are and how fractions are being used. However, to effectively use this approach, the instructor must have good signing skills. To this end, Lang and Pagliaro (2007) reported that a teacher's usage of sign language (and their associated signing abilities) in math classes could influence the content knowledge of the students.
There are numerous studies examining the effects of English on mathematical learning (Hyde et al., 2003 : Kelly & Mousley, 2001 : Kelly, Lang, Mousley, & Davis, 2003 Kidd, Madsen, & Lamb, 1993) . The authors have reported that the following variables have been known to cause some level of hindrance to deaf or hard of hearing students' ability to learn mathematical concepts: use of conditionals, comparatives, negatives and inferential.
One research study discussed the use of rote memorization when teaching mathematics, such as using multiplication drills, and the use of flash cards for addition, subtraction, and division (Paul, 2012) . Paul (2012) shared that math educators should encourage students to do math drills over again and again in order to help them improve student math skills. The same study also revealed that educators noticed that there are significant differences in the math scores of American and Chinese students on international tests (Paul, 2012) . This was attributed to the fact that the Chinese students' schools' philosophy focused on math drills and on memorizing math facts. Another research study found that many errors made by students working on complex math problems were due to an inability to understanding of how to apply basic math facts (Cumming & Elkins, 2010) .
After a review of the literature, the authors found that there is a paucity of materials related specifically to best practices for teaching fractions to deaf students. The purpose of the following study is to expand the research base and knowledge in the area of fractional difficulties of deaf students. Furthermore, the authors explore the development and comprehension of fractional concepts in deaf children and identify factors that promote such development and understanding of fractional concepts.
In this study, the authors set out to investigate the following fundamental research questions related to student understanding and learning of fractions:
1. Is there a relationship between measures that examine concept/ magnitude, order, and equivalence of fractions (written test and interview)? 2. Is there a difference in scores on fraction test between the demographic variables (ages/grades, school settings, parent's educational attainment, and family characteristics)? 3. In which representation(s) do deaf participants understand fractional numbers the best? Are deaf students able to describe fractional numbers in different types of representations (e.g., numbers and illustrations)? In other words, do they have the ability to translate fractional numbers into pictures, and vice versa?
METHODS
This mixed-method research study includes participant videotaped interviews, paper tests, and parent surveys. An example of the paper test can be found in the Appendix. A more detailed discussion of the parent survey will be included in a forthcoming article by the authors.
Instruments:
The Student Fraction Test includes 20 question items that were created by the authors in three parts (concept/magnitude, order, and equivalence). The purpose of the test is to evaluate knowledge of fraction sizes, order fractions with like and unlike denominators, and fraction equivalents. The problems are presented either in text or picture formats. Below are two examples of magnitude problems in the picture format: The Student Interview includes 30 questions (worded slightly different than the questions on the written test) that were developed by the authors with follow-up probing questions for explanation and clarity. The first eleven questions focus on participant's school background, disposition towards mathematics and fractions, and general understanding of fraction properties. During the middle of the interview, participants were asked to solve 15 fraction problems in writing or signs, in terms of magnitude, order, and equivalence. The participants were also given four story problems in text and signs and asked to solve the problems. Below is one story problem example:
Four children want to share three candy bars so that each child gets the same amount. Show how much one child can have.
The last three questions of the survey focus on participants' experience using mathematics and fractions outside the classroom, including in the home.
There is also a two-page, written Parent Survey that was created by the authors and consists of 20 questions regarding parent educational and communication background, disposition towards mathematics, and use of mathematics at home.
Procedure:
The researchers contacted schools for the deaf, public schools, and parents for possible testing of this study. Once deaf children, ages 8 to 16, were identified, permission was secured from them and their parents. The demographics of the deaf student participants can be found in Table 1 . The participants were interviewed by one of the two authors (or both) in their selected settings. Beside background questions, the interview included some fractional number problems, in which the participant was asked to find a fractional number to represent the given image, to find the correct image to match the given fractional number, to find equivalent fractions for a given fraction, and to arrange fractional numbers in order of magnitude. In the half-hour interview, the participants discussed their thoughts and understanding of fractional numbers and their answers to fraction problems. Table 2 .
Demographics:
The demographics of the participants and their parents in this study are shown in Tables 1 and 2 , respectively. The students in the study self-identified themselves as being deaf or hard of hearing. Likewise, parents self-identified themselves as being hearing, deaf, or hard of hearing. We did not assess whether individuals used hearing aids, cochlear implants, etc. nor their level of hearing loss and age of onset. These characteristics were beyond the scope of this study. Likewise, the socioeconomic status and standardized test scores were not included as part of this study, but all would be good characteristics to examine in future studies. Students who attended the schools for the deaf were all commuters involved in day programs. The mainstreamed students were deaf or hard of hearing students enrolled in 
RESULTS

Written Test Results: Magnitude, Order and Equivalence Competence
A summary of results from the student written tests is shown in were not large differences between the scores of when students were given questions with words and when they were given questions with pictures.
In the area of Concept/Magnitude, the findings are somewhat consistent for all the subjects. The common errors that were shown in this area were related to equal parts and making use of the fraction. The equal parts, for example, involved asking the subjects to draw 2/7. Half of the subjects were able to draw the fraction accurately (for example, showing a shape with 7 pieces with 2 pieces being shaded). The common error was the drawing of unequal parts. The other error was the use of the fraction, part over whole. If you recall the question above with cats and dogs (see Figure 1) , 57% of the subjects were able to determine the fraction accurately. The errors were that the subjects were not sure how to find the denominator.
In the area of Equivalence, 57% of the subjects were able to answer the written questions. In Figure 1 , one question with pictures asks, "which shows 2/3 of the square shaded?" Of all the subjects, 36% were able to find the correct answer. The errors showed that subjects had difficulty trying to figure out part over whole. The number of parts for the numerator and the numbers of parts for the denominator were confusing among the subjects.
The area of order was difficult for most of the subjects. Sample questions include "which is smaller, 5/3 or 3/5" or "put the fractions in order from the smallest to the largest, 1/5, 3/4, 1/2". Most of the subjects followed the size of the denominator when answering the questions. In this case, 1/2 would be declared Participants with deaf parents and those with hearing parents show differences in the total score on the test. The difference in total was significant (p < 0.001). Deaf subjects with deaf parents fared well in the written test across the board (magnitude-80%; order -53%, equivalence -52%, total -61%), scoring higher than those subjects with hearing parents (magnitude -40%; order -48%, equivalence-44%, total -44%). The authors are fully aware that the sample size of this study is relatively small. Further research would be needed to see if these findings are consistent.
Interview Results:
During the interviews, the authors continued a dialogue with the students. It was presumed that this more thought-provoking process would uncover clues as to how the students think about fractions. Interview results are shown in Table 4 . Due to limitations of sample sizes in this study, it was not feasible to do detailed quantitative analyses, like ANOVA tests. Future studies, with larger sample sizes, would be greatly beneficial to the field. It was interesting though that sometimes the students self-corrected their answers during the interview. Also, removing the language barrier by having the authors conduct the interviews using sign language helped student participants remain more relaxed and be able to think clearly. The interview revealed four primary results: 1) Students were able to compare the given fractions and determine if the fractions were the same or different with 80 % accuracy. 2) Students were able to identify which fraction was larger or smaller with 40 % accuracy. 3) Students were able to rank fractions in order: Ranking fractions using word descriptions resulted in 21 % accuracy. Ranking fractions using pictures resulted in 7 % accuracy and lastly, 4) Students were able to determine the fraction values. For example, presented with two fractions, students determined that the value of the fraction with the larger denominator is higher. Further investigation with students showed that students' drawings/diagrams (mostly in rectangular form) tended to become bigger as the denominator got bigger.
DISCUSSION
Findings in this section were related to the three research questions.
Research Question 1: Is there a relationship between measures that examine concept/ magnitude, order, and equivalence of fractions (written test and interview)?
While students took the test, the authors sat with the students and the session was videorecorded. After the students had completed each question, the authors probed to learn more about the students' thought processes in answering the questions. During the written test and interview session, there were some interesting findings. First, students were able to compare the given fractions and determine if the fractions were the same or different with 80 % accuracy (see Table 4 ). Students had difficulty identifying which fraction was larger or smaller, being able to do so with 40 % accuracy. Results further showed that students had difficulty ranking fractions in order of magnitude. Ranking fractions using word descriptions resulted in 21 % accuracy. Ranking fractions using pictures resulted in 7 % accuracy. It is important to note that tests and interviews showed that the fractions shown with pictures/diagrams/drawings had a higher level of difficulty. One popular belief is that deaf students are visual learners. The fraction test did not support this belief. During the interview, students had difficulty with fraction values. The authors noted students determined that the bigger the denominator, the higher the value of the fraction. Students perceived the numerator and the denominator as two separate entities. Further investigation showed that students' drawings/diagrams (mostly in rectangular form) became physically larger as the denominator got bigger. The authors noted that two participants, in the process of explaining how they got their answers, corrected themselves as they talked the interviewer through the problems and they ended up changing their answers.
Research Question 2: Is there a difference in scores on fraction test between the demographic variables (ages/grades, school settings, parent's educational attainment, and family characteristics)?
When the parental educational attainment factor was examined, two groups of deaf participants did well in the written test: 1) those with parents with Master's degrees or higher and 2) parents with high school or less. These groups scored 61% and 60%, respectively. Interestingly, the other groups (with parents with Associate's or Bachelor's degrees) scored very low; 16% and 29%, respectively. When the group with parents who have educational levels of high school or less were examined closely, of the three participants, two students had both parents who are deaf. Because discussions at home likely help them understand how mathematical relationships work, these two students might have higher scores because of the communication mode used at home. As stated, further research in this topic will be needed and detailed quantitative analyses are not feasible due to the small sample sizes in this study.
Research Question 3: In which representation(s) do deaf participants understand fractional numbers the best? Are deaf students able to describe fractional numbers in different types of representations (e.g., numbers and illustrations)?
The written test revealed several common processing issues; including part-to-whole, the size of the fraction, and the true meaning of the fraction. Regardless of which representation was given, students struggled with these fraction concepts. An example of the ratio type of fractions is this problem, which was asked during the interview: "There are twelve children going on a field trip. If one fourth of the children are girls, how many girls are going on the field trip?" There were many different answers given by the participants. The most common answer was 12 girls. Most of them had a difficult time understanding that the word "children" includes both boys and girls. The authors' assumptions are that either a language barrier was being demonstrated, or that the mathematical problem was not being clearly communicated.
Again, the authors have reported that the following variables have been known to cause some level of hindrance to deaf or hard of hearing students' ability to learn mathematical concepts: use of conditionals, comparatives, negatives and inferential (e.g. knowing boys and girls are children). The role of student English abilities may be significant in the high level mathematic aptitude of deaf and hard of hearing students. We believe that there is a relationship between these students demonstrated English and mathematics skills.
Overall Study Discussion
During the course of this research study, several limitations were noted. The sample size was 14 students and 14 sets of parents, which is relatively small. It was a challenge to find deaf and hard of hearing children between the ages of 8 and 16. In addition, it was difficult obtaining the approval from the parents to allow us to complete the assessments and interviews. To add to the challenges, there were various factors within the small sample size, with both students and parents. These factors include; varied communication modes, language and educational backgrounds of participats. For example, some of the parents' first language was not English. There were many different kinds of responses on the assessment and during the interview. Many of these responses were related to the students' varied education background. This led to various knowledge, skill levels, and understanding of fraction concepts. The schools where researchers did the assessments had very different mathematics curricula.
The authors have been researching this topic for over six years. Additional issues have emerged since the research began. Some of the research topics that merit additional investigation are: comparing learning experiences of deaf children of deaf parents and also deaf children of hearing parents, examining what parents/teachers think deaf children know about initial fraction concepts, and comparing this with what the children actually know. Lastly, future research is warranted on investigating factors that are associated with fractional number understanding in deaf children. Based on this research study, the authors have developed a list of recommendations for teachers, at the elementary school level, to use when teaching fractions. With a few minor adjustments to the curriculum, educators might see measurable improvements in students' ability to comprehend fraction concepts. Later, when adding fractions, ask the students to make a trade for the same denominator. (Siliva, 1986) This is for lower grade levels. 5. For upper grade levels, start the drill of lowest common denominator (LCD) and then practice adding/subtracting fractions. 6. Provide assistance/training for parents and encourage parents to have a dialogue with their children on a regular basis, i.e. monthly meetings.
The authors have ideas for activities for practice and continued development of fraction skills. There are many software games and internet games involving fractions for students to use. One excellent source of real-world fractions is sports (a topic that is of interest to many school-aged students): there are many statistics being used and can be displayed as fractions.
These statistics can be an opportunity for discussion between students and parents/teachers. An excellent resource is the Singapore Math curriculum, which can be used for teachers and parents to teach children about fractions. Again, it is important to constantly expose children to fractions on a regular basis.
In the area of curriculum and instruction, there are factors that discourage learning fractions. For example, mathematical problems that are not based on real-world applications can hinder the learning process for students. In the area of fractional problem solving, the authors suggest personalizing the word problems with realistic examples. Instructors are discouraged from relying totally on diagrams and memorization in order to prevent overgeneralizing. It is encouraged to maintain the usage of various representations to assist in establishing relationships such as; miles per gallon, and continue to review this on a regular basis throughout the school year. Thinking out loud (verbally or through sign language) about fractions is a wonderful way to share thoughts. In this teaching strategy, the problem solving thought process is demonstrated to the students.
Below is a list of suggestions for teachers and parents for teaching fractions:
1) Encourage a safe, non-judgemental environment for using the fraction in a very casual way in every grade. include time, size, ratio, grade, specific characteristics. 7) Set up regular meetings with teachers and parents.
Throughout fraction instruction, it is imperative to have reflections with children, encourage students to look back and summarize what they have learned about fractions and how often they use fractions. Teachers and parents can provide insights and process the fraction math problems with children as well as making some suggestions of how to solve fraction math problems differently. The above suggestions aid in students having a greater appreciation for, and understanding of, fractions.
CONCLUSION
It is important for students to understand the magnitude, order, and equivalence of fractions; and adding, subtracting, dividing and multiplying fractions. Also, rote memorization plays a large part in students' ability to comprehend fractions, especially beyond a basic level. Maintaining an open dialogue between the teacher and students is also an important part of the mathematical learning process. All of this activity in the classroom is vital to the process of learning fractions.
However, the authors, prior to this study, believed that the central difficulty in learning fractions comes from outside of the classroom. Essentially, we believed that a lack of communication between child and parents was a large impediment to success in mathematical understanding. We still believe this to be true and feel that it is a crucial area of future research. For example, if it is known that 2/3 of the students in a math class passed a unit test. What do the students understand or not understand about that fraction? 2/3 means what? 2 passed? 3 failed? Students might miss the point that 2 is part of the class while 3 represents the whole class. Who will explain the important concept of part and whole to this student/child? In the classroom, it is assumed that the teachers will explain these nuances, but during the time that the students are not at school, we believe that parents are instrumental in the processing of this sort of fraction understanding with children.
It is a desire shared by all mathematics educators of the deaf to improve teaching in all areas of mathematics. Naturally, educators want the best possible method of teaching fractions. Research studies suggested to focus on the whole number skills in the three areas (magnitude, order, and equivalence) before introducing fractions is a necessary skill to do. (Bailey, Siegler, & Geary, 2014) The authors are fully aware that general elementary curricula are packed full with many different subjects, skills, and knowledge to learn. But of utmost importance is improving the dialogue between a child and teachers/parents when talking about fractions. Again, this includes using real-world examples of fractions, displaying the problem solving thought process, and in general, communicating more about
